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Abstract—Second-order thermal boundary-layer problem is formulated for an inviscid plane or axi-
symmetric flow. The resulting energy equations which govern the effects of both longitudinal and transverse
curvatures, external temperature gradient and vorticity are solved both exactly and approximately.
Applications of the present theory are given for heat transfer from elliptical-rod bundles and that
from a sphere.

NOMENCLATURE
Bernoulli function defined by (11);
temperature in outer region;
variable defined to be zero for plane flow
and one for axisymmetric flow;

k;,  longitudinal curvature parameter defined
by (23);

ke, transverse curvature parameter defined
by (24);

k.,  vorticity parameter defined by (25);

k,,  external temperature gradient parameter
defined by (26);

L, characteristic length of the body;

Nu, local Nusselt number;

I3 non-dimensional pressure referred to pU?;

Pe,  Péclet number (= U, L/x);

q, heat flux at the wall;

q, non-dimensional velocity;

Y, non-dimensional radial coordinate;

ro,  non-dimensional body transverse radius of
curvature,

t, non-dimensional temperature;

to, 1, non-dimensional first- and the second-order
temperature in outer region;

To, Ty, non-dimensional first- and the second-order
temperature in inner region;

T+,  non-dimensional temperature at the surface
of the body;

T., mnon-dimensional free stream temperature;

T,,  characteristic temperature;

u,v, non-dimensional tangential and normal
velocity components;

u,,  non-dimensional velocity at the surface of
the body;

U,, characteristic velocity;

U,, non-dimensional free stream velocity;

X, non-dimensional coordinate along the body;

¥ non-dimensional coordinate normal to the
body;

Y, stretched normal coordinate defined by (8).

Greek symbols
a, thermal diffusivity;

¥, principal thermal function defined by (32);
g small parameter defined by (35);

£, &, small parameter defined by (61);

Z, variable defined by (20);

g, 64, functions defined by (21);

K, longitudinal surface curvature of the body;
' variable defined by (20);

T, principal function defined by (32);
P density;
v, non-dimensional stream function defined

by (5).

1. INTRODUCTION

IN CALCULATING heat transfer to liquid metals or
heat/mass transfer from a droplet, we can reasonably
approximate the velocity in the energy equation by
inviscid flow [1, 2]. This approximation usually makes
analysis considerably simple, particularly when the flow
is two-dimensional and irrotational, for which the well-
known Boussinesq transformation may be successfully
applied to the energy equation and the exact solutions
of the transformed equation have already been obtained
by Aichi [3] and also by Tomotika and Yosinobu [4].
However, exact solutions given by the former are of
inconvenient forms for numerical calculation and that
by the latter is applicable only to the case of constant
wall temperature. Moreover, when the flow is three-
dimensional, the Boussinesq transformation is of no
use and exact solutions are still hopeless. Therefore,
most of the investigators who calculated heat transfer
in an inviscid flow introduced some further approxi-
mations, among which a thin thermal boundary-layer
approximation is most frequently used. It is well known
that the thermal boundary-layer theory represents the
leading term in an asymptotic expansion of the energy
equation for large Péclet numbers. For viscous flow,
van Dyke [5] formulated systematically a set of both
momentum and energy equations which govern the
second-order boundary-layer effects, that is, the effects
of displacement thickness, both longitudinal and trans-
verse curvatures, external vorticity and stagnation
enthalpy gradient, for the case of plane or axisymmetric
flow and, after that, many investigators obtained solu-
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tions of these second-order equations. For inviscid flow,
on the other hand, no attempt has been made, as far
as the present writer knows, to formulate such a
second-order problem.

The aim of the present paper is to formulate the
first- and the second-order equations for steady incom-
pressible inviscid flow past plane or axisymmetric solid
bodies with nonisothermal wall temperature, and to
give solutions of the resulting equations, both exactly
and approximately. To obtain the approximate solu-
tions, an approximate method proposed by Merk [6]
for calculating non-sitnilar viscous boundary layer is
extended.

As examples of applications of the present theory,
heat transfer from elliptical-rod bundles and from a
sphere is calculated.

FORMULATION OF THE PROBLEM
Consider steady incompressible inviscid flow past
plane or axisymmetric solid bodies as shown in Fig. 1,
in which all lengths are referred to a characteristic

FiG. 1. Coordinate system.

length of the body L and velocities and temperatures
to respective characteristic values, U, and T,. We
assume for simplicity that the temperature far up-
stream, T, is independent of the Péclet number. The
governing equation for temperature is

q.gradt—Pe V%t = 0, (D

where q = (4, v, 0) is assumed to be known, ¢ is the
non-dimensional temperature referred to 7; and Pe the
Péclet number (= U,L/a), o being the thermal dif-
fusivity of the fluid. The boundary conditions are

t=T,(x) aty=0
t—-T, upstream.

and @

The formulation of the thermal boundary-layer
theory can be made by using the method of matched
asymptotic expansions with Pe™* as a perturbation
parameter. According to this method, the temperature
is obtained as an expansion in terms of Pe~* in each
of two regions; one is the thermal boundary-layer
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region (inner region) adjacent to the wall with the thick-
ness of the order Pe™*, and the other is the region
outside this layer (outer region).

In the outer region we assume an expansion of the
form (outer expansion)

t = to(x,y)+ Pe ¥ty (x, y) + O(Pe™ ),
as Pe — oo with x and y fixed. 3)

Substituting (3) into (1) gives
q.gradt, = q.gradt; = 0. 4

This shows that ¢y and ¢, are constant along the stream-
line and are therefore functions only of the stream
function y, which is related to u and v by the relation

oW/dy = riu }
AY/ox = —ri{l+xy),

with j = 0 for plane flow and j =1 for axisymmetric
flow. Hence, using the upstream condition and noting
that T, is independent of Pe, we have

to= H(W)y (6)
t1=0, ™

where H () denotes a function only of i and are to be
evaluated from the upstream condition. Since the order
of equation (4) is reduced by one, the boundary con-
dition on the surface has been dropped; therefore solu-
tions (6) and (7) are invalid in the inner region.

In the inner region near the surface, we stretch the
normal coordinate by introducing the following inner
variable

&)

and

Y = Pety, (8)
and assume an expansion of the form (inner expansion)

t = To(x, Y)+Pe *Ty(x, Y)+O(Pe™ ), ©)
as Pe — oo with x and Y fixed.

Since, in this region, y « 1, the longitudinal velocity u
may be expressed as
u = u(x, 0)+ (0u/0y)y=0y + 0(y*),

which can be written as an expansion in terms
of Pe % [5]

u = u,+Pe *{BO)rf—xu,} Y+O(Pe™Y), (10)
where u, = u(x,0) and B(y) = p+1|q/*
(Bernoulli function), (11)

p being the non-dimensional pressure referred to pU?2.
The normal velocity v may be obtained by integrating
the equation of continuity

J . J .

J J =
8x(r u)+6y {r(1+xyp} =0, (12)
to yield

b — pe-trss 3B
dx

+Pe“r5”[—%% {r{; (B’(O)r&—:cu,,+ jc:):o u,,)}

n <x +1 me)g%*;“—"—)] Y24+0(Pe™). (13)

To
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Substituting (8), (9), (10) and (13) into (1) gives the where

following equations.
First-order equation:
. T, . _;d(rdu,)
Pox ° dx
Second-order equation:
aTl —j d(r(;up) 6T1 6 Tl
k" ax Lar av
jcosg Y? d .
- (x Ll [-—5»-« {r{) (B(O)r{,—xu,,
o 3
jcos@ jeos8\dirdu,) |\6To
+ ro u,,)}-{-(x To ) dx ay

+{2xYu,— B'(0)r§ Y} 6% (15)

The corresponding boundary conditions are

To(x,0) = T,(x) and Ti(x,0)= (16)

Since the inner expansion is invalid in the outer region,
the upstream condition cannot be imposed on it. The
missing condition is supplied by the matching con-
dition that the outer expansion (3) and the inner ex-
pansion {9) must agree in the overlapping domain in
which both expansions are valid. The matching con-
dition can be written as 7]

yli*m {To(x, Y)+Pe *Ti(x, Y)+...}

= 11_{% {to(x, y)+ Pe" ¥t (x, ) +...}. (1D

Bearing in mind that ¢, and ¢, are given by (6) and (7)
respectively, it can be easily shown that this matching
condition reduces to

To(x, Y) ~ H(0) (18)

and
Ti(x, Y) ~ rfu, H(0)Y, (19
as Y- oo. Thus, it is now found that the present
problem is to solve equations (14) and (15) under the
conditions (16), (18) and (19).
It is advantageous, as for the case of viscous flow, to
introduce the Gortler type variables defined by
x réu
C=jur’dx and {=—LY. 20}
o NG RO
The first- and the second-order temperature are also
changed to the following forms,

~H(0)
ZH©)

)

806 0) = ToHO

and 8,({{) = 21
Since the second-order equation (15) is linear, 6; may
be divided into four components which represent direct
contributions due to longitudinal curvature (%), trans-
verse curvature (6}), vorticity (87) and external tem-
perature gradient (0%), as

6y = k0% + k0% + k05 +k, 6%, (22)
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= {Za*’c/réuw (23)

k, = &)%) cos 8/r¥u,, (24)

) k= Q8 BO)2 (25)
o = &) H(O)(T,— H(O). (26)

Substituting (20)-(22) into (14)—(16) gives the following
equations and boundary conditions.

First-order equation:

8
o+ {8 —700 = 253—",
¢
@n
90(63 0) = I; 90(5, W) =0,
Second-order equations:
8%+ 0% — (y+m)B}
i
Y (ng— % @ﬂ> (”’+ 3o 1)9’0-2y2,'00,
a¢ 74
(28)
81(&,0) = (é 0) =0,
61" 40— (y+ )0 = 26 ; (l_jp“l) .
é
(29
!1{590) = l(i: w) = ,
07" +10F ~ (y +n,)0%
i G B LS
4 o
(30
B1(&,0) = 837(£, 0) = 0,
05"+ (05 —0; = 25%%‘, £(E,0)=0, B3 00)= . (31)
Here
“i"%%}% =1Lt x),
(32
_ ¥ dT,—H@O)
PETLCHO . aE

and primes denote the differentiation with respect to ¢,
The principal functions s and y are, in general,
functions of £ If the principal thermal function y
remains constant in stream direction, the first-order
temperature, 6,, is similar (that is, 8, is a function
only of {) and, if both y and #; remain constant, 8} is
also similar. Moreover, it is seen from (31) that the
equation for 6 involves no principal function, meaning
that 6§ is always similar.
Finally, the local Nusselt number defined by

gL
kT(T,—H©Q)

where g is the heat flux at the wall, is expressed as

Nu=

NujPe* = oAE [90+Pe (k0% +k 0 + k07

(25) +k,67) +0(Pe™")];=0.

(33)
3. FIRST-ORDER SOLUTION

The exact solution of the first-order equation (27)
has already been obtained by Morgan and Warner [8].
In the solution, however, an integral which, in general,
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has to be evaluated numerically is contained. Since this
is not desirable for practical use, we here seek an
approximate solution which permits rapid calculation
of heat transfer. For viscous flow, a large variety of the
approximate methods for calculating heat transfer
through a non-similar boundary layer have been pro-
posed so far by many authors [9] and several authors
[9-11] claimed that one of the most satisfactory
methods is an approximate method due to Merk [6].
The principal idea of the method is to expand asymp-
totically the full non-similar boundary-layer equations
in terms of a small parameter which is a measure of
the departure of the solutions from similarity, first terms
of the expansions corresponding to so-called local
similarity solutions. Great advantage of the method is
that it is possible to refine the results in a straight-
forward way by calculating the higher order terms.
Moreover, it provides one of the most rapid calcu-
lations hitherto propounded.

In the present paper, the Merk’s method is extended
to obtaining non-similar solutions of the equations
(27)-(30). The key to an appropriate expansion is the
inversion of an independent variable £. Since y is a given
function of & for a given shape of the body and given
temperature distribution on the wall, we may also say,
inverting this function, that ¢ is a function of y. Thus,
equation (27) may be written as

o6
6+ 000 —100 = o) (34)
/
where
dy
=2(— 35
1) = % o (35)

and 6,, assuming ¢ is small, as

Bo = Ooo(y, {)+e()0o1 (v, ) + O(?). (36)
Substituting (36) into (34) gives
050+ {800 —7600 = 0, (37
0
051+ 801 — (7+¢)001 = —wﬂ (38)

where ¢ denotes de/dy. For the special case where y
remains constant in stream direction, g(y) =0 and
therefore equation (37) yields an exact similar solution.
Equation (38) represents the first correction which
arises from non-similar terms.

The solutions of the above equations satisfying the
respective boundary conditions and matching condi-
tions are easily found to be

9il2 y+2
r( 2 )

= Vi, 39
900 (7!/2)* (V C) ( )
and
[ 2(v+b’)/2r(z+_8’i_2‘>
1 1 6000+ 1 2

0 §27%% g oy g2 (m/2)?

o1 = x Viy+€.0) for & %0, (40)
926,

o0 = 41
157 for &=0, 41)
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where
(7r/2)+2 F,
Y
¥
()
__&TE__ F1<_zi % g {42)
27/2r<y+1) 2 °92)
2

1F1(a, b, x) being the confluent hypergeometric func-
tion satisfying the equation

dzu du
+b—x)——au=0.
d ae T ) dx
From the above solutions, the temperature gradient at
the surface can be obtained as

=(Bo)c=0

V(y,0) =

(43)

= —80(3, 0) —&(y)01(7, 0) + O(e?) (44)
<7+2>\/2 01(7,0)
_ 01/, 2
__._—r <E.1.> {1+s(y) %0(%0)+0(s )}, (45)
2
where
|50 (5)
¥ Y
2l 2
y+1 y+e+2
I F(T>r< 2 )
+? y+2\ _[y+e+1 -
00:(1,0) _ F(7>F( > )
Hoo(p, 0) for & %0, (46)
(y4+2 y4+1\}2
%[{“’(—2—)-?(7)}
Ay+2 (r+1
*"’(‘f) “’( 2 ﬂ
L for ¢=0, (47)

¥ and ¥ being the polygamma functions defined by
¥(2)=T"2)T(z), Y(z)=d¥(z)/dz.

It is seen from the above expressions that for y <0
these heat-transfer results have an infinite number of
singularities due to Gamma or polygamma functions,
the first of these singularities being at y = —2 for
00(y,0) and at y = —1 for 04(y,0). Similar singu-
larities are observed also in the second-order solutions,
as we shall see later.

Figure 2 shows the curves of 64(y, 0) and 65, (y, 0)
plotted as functions of y. It is seen from the figures that
the ratio |65,(7, 0)/050(7, 0)| is very small for y > 0;
this demonstrates the rapid convergence of the series
(44) in this range of y. For y <0, on the other hand,
the ratio becomes larger as y approaches nearer to — 1.

For agiven body and given temperature distribution,
¥, € and ¢ are known functions of x, so that, for each
value of x, the corresponding value of (65).- can be
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where ¢; = (@, ~®,)/U,, is given in tabular form by
Hsu [12, 13] as a function of (a+b)/2P, @, and @,
being the values of velocity potential at the front and
rear stagnation points of the cylinder, and £ as

¢ = (¢, /4b)(1 —cos ). (49)

Substituting (45), (48) and (49) into (33) gives for the
local Nusselt number

Nu ( & )’}[{(lhez)%—\/(l—ez}}(l-&—cosn)]*

a+b 1—ecosy

) g
{H—a( o

e e O(e®y, (50
XFGLI) )c=0+ (e)} (50)
2

B0
where e = (1—b*/a®). It can be easily verified that when
the temperature distribution of the surface is given by

(59

y is constant {=2m) and therefore the local Nusselt
number is exactly expressed by the first term in (50},
which includes the results of Hsu as special cases. As
an example of non-similar case, we calculated heat

T,—H{Q)= (1—cosy)™ with m = constant,

{b)

Fi6. 3. Schematic representation of tube bank geometries: (a) square spacing,
{b) equilateral trianguiar spacing.

calculated from equations (44)—(47). As an example, we
shall calculate heat transfer from an elliptical rod
located in the interior of an elliptical-rod bundle with
square spacing or equilateral triangular spacing, such
as those shown in Fig. 3. This problem was already
treated by Hsu [12], but only for the special case when
the wall temperature distribution is given by

T,—H({Q) = (1-cosy)™ with m=0and 1,

#n being the angle measured from the front stagnation
point (Fig. 4. Hsu made the following assumptions:
(1) flow is irrotational; (2) the distribution of hydro-
dynamic potential around the surface of the rod is of the
cosine type in terms of elliptical cylindrical coordinates;
and (3) interaction of the thermal boundary layers of
the cylinders in a rod bundle is negligible.

In the following, we will also make the same assump-
tions as the above. Then, defining the reference velocity
by U, = U, and reference length by L = 2a, respec-
tively, u, can be written as

2 2{(1—cos 2y

up — 3 3 s
a a
4&2 {}. +§+ (1 *g)Cﬂssz}

(48)

Flow n

FiG. 4. Angle, n, measured from the front stagnation
point.

transfer when the wall temperature distribution is
given by

To—H{0) = 2—cosy, (52)

for which an exact solution can be obtained by super-
position of similar solutions, The heat-transfer result is
shown in Fig. 5; the present result with two terms
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F1G. 5. Heat-transfer results for tube banks.

agree with the exact one with error within about 0-4
per cent and, if the desired accuracy is not higher than
5 per cent, one term is sufficient to calculate heat
transfer.

4. SECOND-ORDER SOLUTIONS

As is stated before, the equation (31) governing the
second-order effect of external temperature gradient
has a similar solution, which can be easily found to be

CHES (53

From this, the wall temperature gradient can be ex-
pressed as

07 )i=0 = 1. (54)

The sign of this second-order contribution to heat
transfer is opposite to that of the first-order contri-
butions (65)-0, except for a special case in which a
heat flow is directed from the stream to the wall even
if the local wall temperature is greater than the local
stream temperature, as is often the case with the situa-
tion in which 7 is negative; hence it can be said except
for this special case that when k, > O the presence of
the external temperature gradient decreases heat trans-
fer, while when k, < 0 it increases heat transfer. For
the special case stated above, on the other hand, this
trend is reversed. It can be easily understood that these
results are physically reasonable.

Since the equations governing the remaining three
second-order effects have no such similar solutions as
the above, we shall employ the approximate procedure
similar to that used in the first-order problem. Each of
the three equations has two principal functions, y and
n;, which are functions of &; therefore even for the
special case in which y is constant in stream direction,
the solutions of the equations are, in general, not
similar, It is clear that for this special case y cannot
be used as an independent variable in applying Merk’s
method, and that =; should be used instead. [But, as
we shall see later, the equation for 6} has a similar
solution when v is constant (but, x; is not, in general,
constant) and therefore Merk’s procedure is not
needed.] For the general case in which both y and x;
vary in stream direction, on the other hand, y can be
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used as an independent variable as for the case of the
first-order problem.

(a) The case of y = constant

We first consider the simpler case y = constant. For
this special case, the first-order temperature is exactly
expressed by 0o, which is given by (39). Hence,
equaiions (28)—(30) may be written as

01" +20f ~ (v + m;)64

27/21_(y+2)
_ {v(wl)(l m) Pt 1.0)

(n/2)} 2
L= 1)2(1r,+l) ——
Shas (8 3c>}+zf 9
0 +16% — 3+ )6
2
27/21“(&__)
_ 2 /Iy +D(m—1)
=@ { AR
2y-D(1=n)+2 _
L@ - DXZT
1-m,
V(v—s,a}nuzcgg (56)
07+ 0% — (y+ )65
27/21*(2_-_‘__2)
B 2 ) frly+ D)l ~1)
BNCE { 2 LoFhD
N AE CRNS
g, 3C)}+2é-g 57

We can easily find that (55) has a following similar
solution

2y/2r(y+2)
. {v(w D

b1 = @2)* 2

Vir+1,0

2 1 _
= vy-1 C)+%V(v—3,0}. (58)

Thus, the temperature profile representing the second-
order effect of longitudinal curvature is independent
of the principal function m;. Furthermore, we can
obtain, from (58), the following interesting result

(61)i=0 =0, (59)

meaning that when y = const., the longitudinal curva-
ture does not contribute to heat transfer to the present
order of Péclet number. For viscous flow, Afzal and
Oberai [14] showed that the convex longitudinal
surface curvature (k; > 0) decreases heat transfer, and
that this decrease in heat transfer is smaller for smaller
values of Pr. Since inviscid flow approximation corre-
sponds to the case Pr — 0, the above result (59) is con-
sistent with this tendency. According to Hirose [15],
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the convex curvature effects consist of two contri- tive boundary conditions are
butions: (a) increase of the diffusion area and (b) de- ari2p y+2
crease of tangential velocity with increasing normal . W (y+ 1)
distance from the surface of the body. The former en- b0 = (m/2)* 2 Vo+1.0)
hances the transfer rate while the latter lowers it. There- 1—2 b
fore, Afzal’s result together with the present result {(59) _ml=2)+a Viy—1,0— TiTo Viy—3,0
o . . -t ¥
indicates that for viscous flow the latter effect is of major 2Am+ 1) A+ 3)
importance, but that with decrease of Pr the former . y+m+2
effect increases and, in the imit Pr = §, i.e. for the case 20 e+ 2y + 1) T )
of inviscid flow, the magnitude of both effects becomes + — . (64
to be equal with opposite sign. The physical meaning {y— D{my+ D(m;+ 3)1“( )
of this trend is explained as follows: for low Prandtl ¢
number fluids, heat conduction plays a more important - _1_2 Gig— }..» égjﬁ
part in heat transfer and therefore increase of the & & om
diffusion area is more effective for increasing heat war (V42
transfer than for higher Prandt] number fiuids. 27T 3 _
Since the equations for 8% and 87 have no such -W{?(?+1)V(?+ LY
similar solutions as (58), we must employ, for solving '
them, the method similar to that used in the first-order (2y- 1+ 1- );7(? 1,0
problem; that is, we change variables from {& {) to n;+E +1
{m;,(} with i=1¢ or x and assume the following b+3 .
i Ny -1 V=30
expansion. L= et 3
01 = Oio(m, ) +em)0 (m:, ) +0GD),  (60) Leitl g
where 2 7 (y+mtet 1)61*(3’_'“‘_‘5'*;‘&)
dm
a=XgE 61 (i s+ D)o +3)r(y; 1)
Then, we have the following equations for 0%, and 84,
8io+{0o—(y+m)0io x Vly+m+e, 0} for &#0, (65
¥ <+ 2 azei (] '
zwzr< ) $=0 for &=0, (66)
- 2 /po+dm-1 1 G
g 3 b+1.0 where ¢ is given in Table 1. From these solutions, the
temperature gradient at the surface can be obtained as
n{l—2y}+a
+....,.§L.. Po—1,0+ T2 py-3, 5)} 6 gy D
b1+ 00— )6 N T e A+ 1) ‘
;1 Y+ni+sx 1= Ty .
PN () Gyt l)r(?*—z)r(ﬁg—ﬂ)
where a and b are given in Table 1 and & denotes + LN ) , (67)
de;/dn;. The solutions of (62) and (63) satisfying respec- r (T)I“(—wzi-—)
(1, 1d .
o Bio(m;, 0+ T an {8io(n;, 0}
. 1/{23}-1-2:;-4-3‘}-{» 1}r(?;2)r<?+”‘;8§+2)
-+ — 48t
(i &5+ )+ £+ 3)e? r v+1 r e+ 1 yp+m+e+1)
2 2
for £+#0, (68)
. 2m+2) d 1
=@ )0 = { 2 (¥ (my, O + o
=0 = Y G Dimr 3 am, 100 O+ gy Bl 0
" 2 2 {\p("+"‘+2)_w<v+“‘+ 1)
2+ D+ 3)1‘(” 1) (”—f—"iii 2 2
2 2
Jy+m+1 ya+2 y+m+ DY y+7+2 4+
¥ - - -
*4{((2)<2+‘P’2‘F2>}
L for =0, (69)
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where
d 2(m;+2) . ¢
—{016(n;,0)} = —————O{o(n;, )+ -——————
dx; O1o(m:, 0} (Tt Dim3) 1o O e 3)
2 i+2
"(3r(5) a2t
U i
x| y— 2+ @y +m+ )| w(? )-\y(y )) (70)
o 7+1 r y+m+1 2 2
2 2
06
Table 1
i a b c o4
t 2y+1 1 4 3 02
X 1 -1 2 E
=
o ¢]
It is seen that these results have an infinite number of '
singularities when 7; < —(y+2)(=myqir.). Further- 5:
more, we can obtain from these equations the following £ 02
asymptotic relations; “@It,:
Y‘Lﬂ;[—(ei‘o)@o] = ¢/8, ) o
nl_i_r’fgc[—(ei'o)@o] =0, -06"
lim [~ @f1)c-0] = lim [~ (@f1):-o] - (7) .
= El,vi_{r;[_(efl)@o] =0
o4
4
Figures 6 and 7 show the curves of (8i);=o and < i
{0%1) =0, respectively, plotted as functions of m; with y - ;'5: oz
as a parameter. It is seen from the figures that except
! o]
10— 2
4
— 5: -oem
P
o —o4f
£
¥ 06
-2
3
£
i | L 1 J
1 2 3 4 5

F1G. 6. The wall gradients, & o(n,, 0) and 85,(n,, 0).

near m; = T, the ratio [61,/0%].-, is again very
small. When y > —1, sign of (#{y);=¢ is the same as
that of the first-order contribution (849);=o for
7 > T et + 1. Since k, is always positive, this means
that the transverse curvature increases heat transfer for
this range of m;. This increase in heat transfer is due
to increase of the diffusion area. The presence of

. |
vorticity, on the other hand, increases heat transfer for -4 -3 -2 -1 0 ! 2

k. > 0 while for k, <0 it decreases heat transfer, FiG. 7. The wall gradients, 64, (r,, 0) and 6% (x,, 0):
provided m; > 7 erie, + 1. @y=-1L,0b)y=0@y=2




Thermal boundary-layer in an inviscid flow

Calculation of (8%);-, for a given body and given
temperature distribution can be made similarly to that
of (85)¢=0. As an example, we shall calculate heat
transfer from an isothermal sphere, for which Watts
[15] already calculated exactly the second-order effect
of transverse curvature. Here we reconsider this prob-
lem including the effect of external temperature
gradient also, but the velocity field is assumed, for
simplicity, to be irrotational. Then, defining the refer-
ence length and reference velocity by L =2a and
U, = U, respectively, a being the radius of the sphere
and U, the uniform velocity of oncoming stream, we
can finally obtain the following expression for the local

-8} tw,, 0)

p, deg

FiG. 8. The effect of transverse curvature on heat transfer
from an isothermal sphere.

o] 30 60 90 120 150 180

F1G. 9. Local Nusselt number around an isothermal sphere
for H'(0) = 0.
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Nusselt number,
3 sin? ¢

Nu/Pet = —
u/Pe n* (cos? p—3cos o+ 2)*

+Pe—*{—2(9t1'0+8,6‘1'1 +. ..):=0

., _H(©)
*T.H©)

where ¢ is the angle measured from the stagnation
point of the sphere. Figure 8 shows the distribution
of the wall gradient of the temperature representing the
effect of transverse curvature. Figure 9 shows the dis-
tributions of the local Nusselt number around a sphere
for H'(0) = 0. The average Nusselt number is obtained
from the relation

sin? (p} +O(Pe™Y), (72)

k4

Nu=4 f Nu(yp)sin ¢ dep, (73)
0

as

Nu/Pet = %+ Pet {(0-85093—000200 +..)

, HO) -1
—yTw_H(O)}-FO(Pe )
2 . HO)
:%—;A—Pe *(0‘849—§m)

+0(Pe™). (74)

The numerical value 0-849 representing the effect of the
transverse curvature is within about 3-4 per cent of the
value obtained from the exact solution, 0-821.*

(b) The case of y # constant

In this case, we change variables from (¢, ) to (y, ()
as in the case of the first-order problem and assume
the following expansion for 6{’s (i = I, t, x),

0} = 0100y, D +0L (L O+ ..., (75)

where ¢ is defined by (35). By substituting this into
{28)-(30), we can find that the equations for 8i4{y, {)’s
have the same forms as those for the previous case of
y = constant, so that the solutions given in the previous
section, (58) and (64), can be immediately used also in
the present case. The equations for 8%,’s, on the other
hand, are rather complicated and their solutions are
not obtained here. However, judging from the accuracy
of the present method shown in the previously given
examples, we can expect that, if the desired accuracy
for heat transfer is not higher than a few percent, one
term in the series (75) will be sufficient to give satis-
factory results.
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*Watts first derived the following equation,
Nu = 1-156 Pe? + 473,

but which is found, by Hirose, to be in error and corrected as

— 2
Nu= = Pe +0:821.
n
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APPROXIMATIONS D'ORDRE PLUS ELEVE DE LA COUCHE LIMITE THERMIQUE
EN ECOULEMENT NON VISQUEUX

Résumé—Le probléme du second ordre de la couche limite thermique est formulé pour un écoulement

non visqueux plan ou axisymétrique. Les équations résultantes d’énergie qui contrélent les effets des

courbures longitudinale et transversale, du gradient de température et de la vorticité du courant extérieur,

sont résolues de fagon approchée et de fagon exacte. Des applications de la théorie sont présentées pour
le transfert de chaleur sur des grappes de tubes elliptiques et le transfert sur une sphére.

HOHERE NAHERUNGSVERFAHREN FUR DIE THERMISCHE GRENZSCHICHT
IN EINER NICHT VISKOSEN STROMUNG

Zusammenfassung—Ein thermisches Grenzschichtproblem 2. Ordnung wird fiir eine reibungsfreie ebene

oder achsensymmetrische Stromung formuliert. Mit den erhaltenen Energiegleichungen lassen sich

duBerer Temperaturgradient und Rotation sowohl exakt als auch angenihert bestimmen. Anwendungs-

beispiele fur die vorliegende Theorie auf die Wirmetibertragung von elliptischen Stabbiindeln und von
einer Kugel werden angegeben.

PEMIEHUME 3AJAYM TEIUIOBOI'O CJIOSl B INPUBJIMOKEHUH BOJIEE
BBICOKOI'O NMOPAOKA OJI51 HEBA3KOIO INMOTOKA

Amnoramus — GopMynBpyeTCs 3a4aya TEIUIOBOTO MOTPaHHYHOIO C/IOA VIS HEBA3KOTO ILIOCKOIO M

OCECHMMETPHYHOTO HOTOKA. [T0NyYeHHBIE ypaBHEHH S JHEPI HH, ONHUCHIBAIOLLME BIHAHIE IPOLONBHON

H NONEPEYHOH KPHBH3HLI, BHELIHETO ITPAMEHTA TEMIIEPATYPHI H CKOPOCTH, PELIEHBI TOYHO H NIPpHGIH~

*eHHO. Paccmatpueaercs nmpHMeHeHHe NaHHOM TEOPHHM JUISA CHydan NEPEHOCA TEMIa OT IIYuKa
ANAMOTHYECKHX CTEPXHER ¥ oT cdephl.



